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Scattering amplitudes with spinning particles are shown to decompose into multiple copies of
simple building blocks to all loop orders, which can be used to efficiently reduce these amplitudes
to sums over scalar integrals. Absence of unphysical kinematic singularities cleanly exposed by the
method uncover novel consistency relations among master integrals and their coefficients. Ana-
lytic results are obtained for the five gluon, two loop, and four gluon, three loop planar scattering
amplitudes in pure Yang-Mills theory as well as for leading singularities to even higher orders.
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INTRODUCTION
Precise predictions for experiments are the backbone of
physics. In particle physics these take the form of scat-
tering cross-sections, which are assembled out of scat-
tering amplitudes that are computed perturbatively, as
well as experimentally determined input such as parton
distribution functions. This inherent interest in comput-
ing scattering amplitudes is becoming ever more impor-
tant due to the absence of a smoking-gun observation of
physics beyond the well-established standard model at
the Large Hadron Collider (LHC) at CERN: since the
energy frontier will not move in the short term, precision
physics is the most probable vector for near future dis-
covery. The frontiers of the state-of-the-art are loosely
measured in the number of external particles and inter-
nal loops. For non-supersymmetric Yang-Mills theory,
very recently first (semi-)numerical computations of the
planar five gluon amplitudes at two loops were reported
in [1, 2], while analytically a special, equal helicity ampli-
tude is known at two loops through seven external gluons
[3–5].
Beyond phenomenological interest, scattering ampli-
tudes also attract formal interest as a basic output of
quantum field or string theory which displays structures
which may not be obvious from their original formula-
tion. A prime example of this are the Kawai-Lewellen-
Tye [6] relations discovered first in string theory, which
relate a certain sum over products of gluon scattering
amplitudes to graviton scattering amplitudes. These are
referred to generally as “double copy” type relations, see
e.g. [7]. Scattering amplitudes obey in general physical
constraints such as gauge and global symmetries, locality
and unitarity, which are to an extent mutually redundant
[8] [9]. In [10], drawing on ideas in [11], it was shown
these constraints can be solved systematically. In [12]
(see also [13]) specific solutions for four particle scatter-
ing were constructed and used to (re-)compute loop level
scattering amplitudes with gluons and gravitons using
unitarity. Earlier Feynman-graph based computations in
[14, 15] as well as the well-known computation of the
gyromagnetic factor [16] employ similar technology. Al-
gebraic complexity has prohibited practical applicability
thus far. Here this is solved by obtaining solutions to
physical constraints as certain multi-copies of simpler one
and two gluon building blocks.
The resulting coefficients and integrals are typically
reduced further by using the linear integration-by-parts
(IBP) identities to express the amplitudes in a much
smaller basis of so-called master integrals. This step is
a very well-known bottleneck due to its overwhelming
intermediate complexity. The multi-copy basis allows a
particularly clean view on this reduction and its output.
As a result, we uncover the need for intricate relations
among the coefficients of the different masters which fol-
low from the absence of residues at non-physical poles.
These relations can be derived from differential equations
and can be used as powerful internal consistency check
as well as as a tool to derive integral coefficients.
To demonstrate the potential of the methods explored
here we showcase analytic applications to the planar five
gluon, two loop amplitude and the planar four gluon,
three loop amplitudes in pure Yang-Mills theory, ex-
pressed in a master integral basis; the five point result is
closely related to the very recent semi-numerical results
in [1, 2]. Furthermore, we briefly show how to extend
our techniques to massive matter. Throughout this Let-
ter we work in dimensional regularisation to regulate the
divergent loop integrals, in the scheme where all internal
and external particles are in d dimensions.
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2EXTERNAL KINEMATICS FROM A
MULTI-COPY
Scattering amplitudes with spinning matter are
Lorentz scalars and little group tensors. Every parti-
cle is associated with a polarisation tensor, which em-
beds a copy of the appropriate little group representation
into the Lorentz group. For massless bosons for instance,
which will constitute our main example for illustration,
this involves products of the polarisation vector ξIµ(p)
where the Roman index indicates a little group and the
greek index a Lorentz vector respectively. The polarisa-
tion vectors have to obey transversality, pµξIµ(p) = 0, and
the corresponding scattering amplitude on-shell gauge in-
variance [17],
A({ξi → pi})→ 0 , (1)
for each individual massless particle of the amplitude. In
addition, there is momentum conservation for the exter-
nal momenta, which are all taken here to be complex
and inward pointing. Since Poincare symmetry is exact,
scattering amplitudes are multilinear to all orders in the
polarisation vectors. All the mentioned constraints are
therefore linear and can be solved at least in principle,
as explained in [10]. The solution space is spanned by a
set of tensor structures. Every scattering amplitude can
be expressed as a linear combination of these solutions,
A =
∑
i
αiBi . (2)
In this form the scalar coefficients involve only (integrals
over) Lorentz invariants constructed out of internal and
external momenta. Given any form of A, the coefficients
can be determined from multiplication with Bj and sum-
ming over all helicities,
∑
helicities
BjA =
∑
i
αi
( ∑
helicities
BjBi
)
≡
∑
i
Pjiαi , (3)
which gives a scalar, linear problem after using the com-
pleteness relation to sum over helicities,∑
helicities
ξµξν = ηµν −
(
pµqν + pνqµ
q · p
)
, (4)
where q is a gauge choice that drops out of the result.
The matrix Pji is invertible in general as the B form a
basis. However, as can be seen from the table in [10], the
size of the spaces involved grows very quickly: six gluon
scattering already involves 2364 solutions! Computing,
let alone inverting, a polynomial matrix of this size is
generally unfeasible.
This problem is solved here by a good basis choice.
Consider the parity even scattering of one gluon and n−1
scalar particles. There are n−2 independent contractions
of external momenta with the polarisation vector of the
single gluon. Gauge invariance yields one constraint. The
solution space of dimension n − 3 can be spanned by
objects
Ai(j, k) = (pk · pi) pj · ξi − (pj · pi) pk · ξi , (5)
for instance by the set
{Ai(j) = Ai(i+ j, i+ j + 1)|j ∈ {1, . . . , n− 3}} , (6)
with particle momenta identified cyclically. Next, con-
sider the scattering of two gluons and n − 2 scalar par-
ticles. A special class of solutions to the physical con-
straints is given by multiplying copies of the solutions
found in the single gluon case:
A1(j)A2(k) j, k ∈ {1, . . . , n− 3} . (7)
This set is however not complete, as there is also
Ci,j = (ξi · ξj)(pi · pj)− (pi · ξj)(pj · ξi) , (8)
which is proportional to two contracted linearised field
strength tensors, Fµν(ξ1)F
µν(ξ2). The inner product
of polarisation vectors makes it manifestly independent
from the set of two copies of A’s. No additional solu-
tions exist in the two gluon case. For more gluons, a set
of solutions can always be obtained by multiple copies
of lower gluon number solutions. We conjecture this set
constructed of all possible A and C type building blocks
for a given number of gluons is both linearly independent
and complete in general dimensions. This was explicitly
checked through six gluon amplitudes. The total number
of basis elements with n gluons and no scalars is
Nn =
bn/2c∑
k=0
n!(n− 2)(n−2k)
2kk!(n− 2k)! , (9)
which agrees with the numbers obtained in [10] through
n = 7.
To solve equation (3) first construct a new tensor
Di,j = Ci,j −
n−3∑
k,l=1
Xij(k, l)Ai(k)Aj(l) , (10)
and require that it is “orthogonal” to the A-tensors as∑
hi
Ai(k)Di,j = 0 =
∑
hj
Aj(k)Di,j , ∀k, , (11)
by summing over the helicities of particles i or j respec-
tively. To find the unique solution for X, first consider
PAi (k, l) =
∑
hi
Ai(k)Ai(l) . (12)
The set A in equation (6) is mapped to linear combina-
tions of itself by Bose-permutations of the other legs than
3i. This severely constrains the matrix PAi , as well as its
inverse. Now construct the dual vector or projector
Ai(k) ≡
∑
l
(PAi )
−1(k, l)Ai(l) , (13)
which obeys
Ai(k)Ai(l) ≡
∑
helicities,i
Ai(k)Ai(l) = δ(k, l) . (14)
With this notation,
Di,j = Ci,j −
n−3∑
k,l=1
Ai(k)Aj(l) (A
m(k)An(l)Cm,n) , (15)
holds. For a given subset of legs s with |s| elements (|s|
is even) one can construct all (|s|−1)!! matrices obtained
by multiplying |s|2 D matrices, which we will denote D
s.
For this set consider
PD
s
ij =
∑
helicities
DsiD
s
j , i, j = 1, . . . , (|s| − 1)!! . (16)
This computation is straightforward as for instance∑
helicities
Di,jDi,j = (pi · pj)2(d− n+ 1) , (17)
holds. Bose permutations simply act on the labels of the
D matrices and therefore permute the entries of the PD
s
-
matrix as well as its inverse: a small number of elements
determines the whole matrix. The inverse of this factor
is observed up to at least 6 particles to be very simple:
the entries of the inverse are the entries of the original
matrix inverted up to a function of d. This allows one to
efficiently construct a projector, Ds,i, such that∑
helicities
Ds,iDsj = δ
i
j . (18)
Since the D and A tensors are orthogonal, the projectors
onto specific basis elements factorise into sets with dif-
ferent numbers of D tensors as well as within these sets
into choices of which particles are on the A-type tensors,
see figure 1 for an illustration in the five point case. Indi-
vidual projectors can efficiently be computed, which was
explicitly checked through six points.
NECESSITY OF RELATIONS AMONG MASTER
INTEGRAL COEFFICIENTS
After using the projectors on a given loop amplitude
one obtains a sum over scalar integrals,
(I)proj =
∑
k
∫
d li
fk(li, pj)∏
Km
, (19)
1 50 100 142
1
50
100
142
1 50 100 142
1
50
100
142
FIG. 1. P-matrix for five gluons for the basis constructed
from A and D tensors, evaluated on random integer values.
where f is a function of all independent inner products
of external and internal momenta. The propagators Ki
are scalar functions, quadratic in internal momenta. Co-
ordinates to identify integrals have to be chosen, but are
only determined up to linear shifts of the loop momenta.
Infinitesimally, this freedom induces so-called integra-
tion by parts (IBP) identities [18] among the integrals.
The linear IBP identities can be solved systematically by
Gaussian elimination after choosing an ordering on the
vector space [19], basically aiming to solve complicated
integrals in terms of simpler ones. Several public codes
exist to perform this step such as FIRE [20–22], KIRA
[23], Reduze [24] and LiteRed [25, 26]. The output is a
sum over a much smaller basis of integrals referred to as
“master integrals”
(I)proj =
∑
i
ciMIi . (20)
As emphasised in [12] (see also [27]), the poles of these
coefficients can contain unphysical poles whose residue
has to vanish between contributions of different master
integrals. This type of singularity is known to occur in
differential equations for the master integrals w.r.t. a
Mandelstam invariant,
∂MIi
∂s
= Mi
j MIj , (21)
see for instance [28]. The matrix M is a function of the
external kinematic invariants and the dimension. If all
masters are finite in a certain kinematic limit (or already
matched on all logarithmic singularities), say u→ 0, the
differential equation can be used to derive a series of re-
lations from a Laurent expansion.
As an example, consider the case of a massive one loop
contribution of a scalar or fermion to the color-ordered
four gluon amplitude with ordering 1234. There are 6
master integrals. The physical problem does not allow
poles in the cross-channel pole, u = (p1 + p3)
2. The co-
efficients of the master integrals except the massive tad-
pole integral can be determined from unitarity cuts and
their explicit form contains non-physical poles up to 1u4 .
The massive tadpole coefficient cannot be determined
4FIG. 2. Deriving a two loop integral parametrisation of a
five point scattering problem from a one loop topology.
from unitarity cuts, see e.g. [29]. Using the differential
equation-derived constraints on the Laurent expansion
around u = 0 shows that the residues of the unphysical
poles cancel between the unitarity derived master inte-
grals down to u0, up to the undetermined massive tadpole
coefficient. Taken together with gauge invariance this
fixes the massive tadpole coefficient, up to a freedom as-
sociated with coupling constant renormalisation. In this
very simple example, one can also study the large mass
limit. For more complicated cases it is likely advanta-
geous to transform the differential equations to so-called
Fuchsian form (see e.g. [30]) where all kinematic singu-
larities are simple poles, for instance using [31].
APPLICATION TO GLUON SCATTERING
AMPLITUDES
A good coordinate system to parametrise loop inte-
grals is crucial. For planar integrals integrals with l
loops and n legs choose l-copies of“n-gon” one loop inte-
grals, adding the squares of differences of loop momenta,
(li − lj)2 for i < j. This choice minimises the number of
different internal momenta per propagator. In the one-
loop basis one should minimise the number of external
momenta per propagator. Integral labels can be derived
by adding internal propagators to the one-loop progeni-
tor, see figure 2. Extensions to massive matter for planar
amplitudes are straightforward.
Planar, five point, two loops
A good set of integral coordinates is{
(l1 − l2)2, (l1)2, (l1 − p2)2, (l1 − p1 − p2)2,
(l1 + p3 + p4)
2, (l1 + p3)
2, (l2)
2, (l2 − p2)2,
(l2 − p1 − p2)2, (l2 + p3 + p4)2, (l2 + p3)2
}
. (22)
The separate pentagons are chosen to never have more
than two external momenta. This set has a single
manifest graph symmetry since the map l1 ↔ l2 in-
duces a permutation of the elements. A cyclic trans-
formation pi → pi+1 as well as an inversion such as
(p1, p2, p3, p4, p5)→ (p5, p4, p3, p2, p1) induce a permuta-
tion of the elements after a shift of the loop momentum.
The latter transformations do not leave integrals invari-
ant, but map between different integrals parameterised
with the above coordinates.
Proceed by a unitarity computation as outlined in [12]
taking inspiration from especially [32]. This requires
computation of all cyclically independent cuts by mul-
tiplying tree amplitudes, summing over internal polari-
sations and projecting on the external kinematics using
the basis constructed above. The needed tensor alge-
bra is straightforward to implement even on a laptop.
There are 142 tensor basis coefficients. The IBP iden-
tities can be solved using FIRE, running on large com-
puting resources (details on request). The most compli-
cated reductions needed are “pentabox” integrals with
five powers of irreducible numerators. Although all five
distinct pentaboxes can be parametrised by the coordi-
nates in equation (22), one of these contains less terms in
its propagators than the other four, see the figure 2. This
seemingly minor simplification was for us key to solve the
IBP identities. The master integrals for the case at hand
are expressible in harmonic polylogarithms, [33] [34].
Possible cross-channel poles of the coefficients can be
read off from the projectors for the basis choice,
Ai ∝ 1
G(pi + pi+1)2(pi + pi−1)2
Di,j ∝ 1
G(pi + pj)2
,
where G is the determinant of the Grammian matrix for
the independent momenta.
Cyclic symmetry can be used to simplify the unitar-
ity computation. For the choice of tensor structure basis
above, cyclicity and inversion act as a permutation on the
basis. A complete set of master integrals with the same
property for cyclic permutations can be chosen, forming
a set with 31 orbits of length 5. If the coefficient of one
representative of a particular orbit is known for all tensor
structures, then the coefficients of the other integrals in
this orbit can be obtained from cyclic symmetry. There
are four topologically distinct cuts: one triple cut and
three double double cuts. The triple cut determines 27
of the orbits, while the double cuts then can be used
to fix the remaining four orbits. The thus-obtained re-
sults have been verified to match to those of [1, 2] on
a phase-space point by reproducing the master integral
coefficients of the result in [2] for all independent helicity
configurations.
5Planar, four point, three loops
A good set of integral coordinates is{
(l1 − l2)2, (l2 − l3)2, (l1 − l3)2,
(l1)
2, (l1 − p3)2, (l1 + p1 + p2)2, (l1 + p2)2,
(l2)
2, (l2 − p3)2, (l2 + p1 + p2)2, (l2 + p2)2,
(l3)
2, (l3 − p3)2, (l3 + p1 + p2)2, (l3 + p2)2
}
. (23)
This set has a manifest order 6 permutation symmetry
from exchanging the three loop momenta. A cyclic trans-
formation pi → pi+1 or an inversion (p4 ↔ p1), (p2 ↔ p3)
induces a permutation of the elements of this basis for in-
tegrals which follows directly from their one loop origin.
The factorised external kinematics project (cuts of)
loop amplitudes onto scalar basis coefficients. There are
for four gluons 10 different basis coefficients, falling into 5
distinct orbits of the cyclic group. The projectors are the
source of cross-channel poles, where both A and D are
proportional to the determinant of the Grammian matrix
for all independent external momenta which here is the
product of Mandelstam invariants, ∝ stu. FIRE5 can
be used to address the IBP problem. There are in total
81 master integrals, for which an analytic expression is
known in principle [35].
Planar and non-planar leading singularities through
four loops
An interesting quantity that has played a central role
in maximally supersymmetric Yang-Mills theory such as
the amplituhedron [36] picture has been the notion of
leading singularity [37]: the residue of a scattering am-
plitude after cutting all propagators. This is for pure
Yang-Mills theory as well as for Einstein-Hilbert gravity
a product of three point amplitudes, sewn together ac-
cording to a cut trivalent graph at the appropriate loop
order. Since cutting external propagators corresponds
to tree singularities, one can limit to cutting 1-particle
irreducible graphs. We have checked, using the graph
generator DiaGen [38], that the tensor algebra for all
(planar and non-planar) leading singularities of the five
point three loop and four point four loop gluon ampli-
tudes is straightforward. This shows tensor algebra is no
longer a bottleneck for any further progress.
DISCUSSION
This Letter presents fresh insight into an old prob-
lem: how to compute scattering amplitudes in physically
interesting theories. In particular, the factorised multi-
copy basis constructed here offers cleanly exposes kine-
matic singularities in master integral coefficients which
clearly deserve further study. Most pressing is the ques-
tion to what extend leading singularities determine com-
plete amplitudes. By the relations uncovered in this Let-
ter, these coefficients certainly constrain the non-leading-
singularity master integrals. Since the relations require
only knowledge of differential equations, this involves a
much simpler IBP reduction problem, potentially bypass-
ing a current bottleneck for computation. Knowing in
advance the kinematic singularity structure of master in-
tegral coefficients alone is useful. It would furthermore
be interesting to explore the connection through Fuch-
sian form differential equations to the activity launched
by [30]: currently much more is known about integrals
than about complete scattering amplitudes.
Although the examples in this Letter have focused on
planar amplitudes of massless gluons, extensions to more
general matter are straightforward. Massive scalars are
already covered by the analysis above. An easy further
conjecture is that graviton scattering amplitudes can be
expressed in a factorised tensor structure basis as well,
including D-type elements combining the ‘left’ and ‘right’
polarisations. This is certainly correct for four point am-
plitudes, with 513 basis elements and a factorised inverse
of the P-matrix constructed as for gluons. Massive mat-
ter, a subject scratched at the surface here for tadpole
coefficients, should be the focus of major attention. Ex-
perimental motivation also motivates the study of com-
plete cross-sections: the presented technology can elu-
cidate analytic computations, especially for the needed
intricate cancellation of divergences beyond the one loop
order. The structure of the integral coordinates is in-
triguing in this context.
While this Letter already presents cutting edge ap-
plications for analytic computations, there is consider-
able room for improvement especially for IBP reduction.
Our results were obtained with an older public code,
paired with our observation on good integral coordinates
for IBP reduction. Several groups have been working
on IBP reductions with promising first results especially
where finite-field methods and cuts are employed, see e.g.
[2, 39–43]. Combining our insights for tensor structures
with these developments has the potential to truly revolu-
tionise calculational power for explicit as well as collider-
relevant quantum field theory predictions.
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